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Abstract. In 1996, H. Volkmer observed that the inequality 



i 1 \ 2 pi pi 



1 



-l I' I / J-i J-i 



\r\dx\ <k 2 / \f\ 2 dx / -/' 



1 



r 



2 

dx 



is satisfied with some positive constant K > for a certain class of functions / on [—1,1] if 
the eigenfunctions of the problem 

-y" = Xr(x)y, y{-\) = y(l) = 

form a Riesz basis of the Hilbert space L 2 r | (—1, 1). Here the weight r 6 L (— 1, 1) is assumed 
to satisfy xr(x) > a.e. on [—1, 1]. 

We present two criteria in terms of Weyl-Titchmarsh m-functions for the Volkmer in- 
equality to be valid. Using these results we show that this inequality is valid if the operator 
associated with the spectral problem satisfies the linear resolvent growth condition. In par- 
ticular, we show that the Riesz basis property of eigenfunctions is equivalent to the linear 
resolvent growth if r is odd. 



1. Introduction 

After the paper [12] by W.N. Everitt, the integral inequality, now known as the Hardy- 
Littlewood-Polya-Everitt (HELP) inequality, 

(1.1) (Twi + q\f\ 2 )dx) < k 2 \f\ 2 wdx jT | ^ ((?/')' + qf)\ 2 wdx, (/ G 2) max ), 

became one the most extensive area of research in spectral theory of Sturm-Liouville equa- 
tions. Here K is a positive constant; the coefficients p" 1 , q,w G -^JO, b) are real valued and 
w is assumed to be positive on [0,b); £) max is the maximal linear manifold of functions for 
which both integrals on the right-hand side of f 1 1.1 1) are finite. The famous Hardy-Littlewood 
inequality [131 Chapter VII] is a special case of (11.1 ft with K = 2, b = +oo, p = w = 1 and 
q = on R + := [0,+oo). 

In [12], Everitt connected the above inequality with the Weyl-Titchmarsh m-function of 
the Sturm-Liouville differential equation 

(1.2) -(p(x)fy + q(x)f = Xw(x)y, xe[0,b). 

Under the assumptions b = +oo, w = 1 on R + and (11.21) is regular at x = and strong limit 
point at +oo, Everitt obtained beautifull necessary and sufficient condition for the validity of 
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the HELP inequality in terms of the m-function associated with ( 11.21) (see e.g. Theorem 13. II 
below). Moreover, the best possible value of K and all cases of equality in (II. ip are indicated 
in terms of m. The proof in [12] follows the line of one of the Hardy-Littlewood proofs and 
of course the analysis of [12] extends to a wider setting: for the case of nonconstant w see 
[9], the case of a regular endpoint b or, more general, the limit circle case at b is addressed 
in [21 [3] and [10]. Note also that Evans and Zettl pTJ found a general operator theoretic 
approach to (II. ip (see also [9]). The latter allows to study the inequalities of the type (II. ip 
for other types of differential and difference operators, operators on trees etc. For further 
information on HELP type inequalities we refer to [21 EJ [7J [9j [10] (see also references therein). 

Another extensive area of research is concerned with the basis properties of (generalized) 
eigenfunctions of the problem 

(1.3) -y" = Xr(x)y, x G [—1, 1]; y(-l) = y(l) = 0. 

It is assumed that r G L x {— 1,1) and xr(x) > a.e. on [—1,1], i.e., r changes sign at 
x = 0. It is well known that the spectrum of this problem is real and discrete, its eigenvalues 
are simple and accumulate at both +oo and — oo. However, the eigenfunctions of (II. 3p are 
not orthogonal in the Hilbert space LL(— 1,1). Motivated by various problems arising in 
physics, scattering and transport theory, the problem of whether or not the eigenfunctions of 
(11.31) form a Riesz basis of L?.(— 1, 1) attracted a lot of attention since the mid of seventies 
of the last century (see e.g. [U El O El [J5l [161 HZl HEl EQl EU [22]). The first general 
sufficient condition for the Riesz basis property was obtained by Beals in [TJ and later it has 
been extended and generalized by many authors (for a survey we refer to the recent papers 

piniiiH]). 

For a long time the following question remained open: are there weights r G L 1 (— 1, 1) such 
that the eigenfunctions of (11.31) do not form a Riesz basis of L?,(— 1,1)? It was answered 
in the affirmative by H. Volkmer in [22]- Namely, Volkmer found the following connection 
between the Riesz basis property for (II. 3p and HELP type inequalities. 

Theorem 1.1 (Volkmer). Let r G L 1 (— 1,1) Q and xr(x) > a.e. on [—1,1]. // the 
eigenfunctions of the problem (11.31) form a Riesz basis o/ LL(— 1, 1) ; then there is K > 
such that 

(1.4) JLj/'l^ <K 2 Jjf\ 2 dx£\^f')'\ 2 dx, (fedom(A)), 
where 

dom(A) = {/GL 2 (-l,l): /, r" 1 /' G AC[-1, 1], (r^f'^l) = 0, (r" 1 /' )' 6 L\-l, 1)}. 
If in addition r is odd, r(x) = — r(— x) a.e. on [—1, 1], then the inequality 

(1.5) (Y-l/'Idz) <K 2 J\f\ 2 dx J^\{^f) ,] \rdx, (/Gdom(A + )), 



1 In [21], Theorem 11.11 was established under the assumption r £ L°°(— 1, 1). It is noticed in [5J Theorem 
3.1] that the statement remains true for L 1 weights. 
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is valid, i.e., there is K > such that f 1 1 . 4 j) holds for all f G dom(A + ), if the eigenf unctions 
of (11.31) form a Riesz basis of L? r ,(— 1, 1). Here 

dom(A + ):={/GL 2 (0,l): /, r~ l f G AC[0, 1], (r" 1 /' )(1) = 0, (r" 1 /' )' G ^(0, 1)}- 

Noting that there are weights such that (ll.5p is not valid, Volkmer gave a positive answer 
to the existence problem. Moreover, using a Baire category argument, it is noticed in [22] 
that, in general, the eigenfunctions of (ll.3p do not form a Riesz basis of L? i if r is odd. 
Concrete examples of odd weights were given later by Fleige, Abasheeva and Pyatkov (we 
refer for details to [6]). Moreover, using Pyatkov's interpolation criterion [21] . Parfenov [20] 
found a necessary and sufficient condition for the Riesz basis property under the assumption 
that r is odd. Notice that the problem on the Riesz basis property for (11.31) is still open if 
the oddness assumption is dropped. The most recent results can be found in [6j [8] (see also 
references therein). 

The main objective of this paper is to investigate the inequality of Volkmer (11.41) in the 
general case, i.e., without the assumption that r is odd. Our main aim is to find a criterion 
for the validity of (II .4p in terms of Weyl-Titchmarsh m-functions. We are motivated by the 
papers [2J [3] , where Bennewitz gave a necessary and sufficient condition for the validity of 
( ll.5p in terms of the weight r (see Theorem 13.21) . His proof is based on the analysis of the 
asymptotic behavior of the corresponding Weyl-Titchmarsh m-function (see Section [3] for 
details). It is interesting to note that the class of weights such that (ll.5p is valid coincides 
with the class of odd weights such that (11.31) has a Riesz basis property, i.e., if r is odd, 
then the eigenfunctions of (II. 3p form a Riesz basis o/Lj 2 ,(— 1, 1) if and only if (II. 5p is valid 
(however, the latter equivalence was first observed in [5]j, see also [6]). 

We present two criteria for the validity of (ll.4p in terms of m-functions associated with 
(II. 3p . The first criterion (Theorem I4.ip is formulated in the form similar to the classical 
Everitt criterion. This criterion also provides the best possible constant K in (II .4p in terms 
of m-coefficients. However, Everitt type conditions require the knowledge of the asymptotic 
behavior of m-functions in some sector in the upper half-plane C+, which contains the 
imaginary semi- axis iR+. It turns out that to give the answer on whether or not (11.41) is 
valid it suffices to know the behavior of m-functions along iR + . This is the content of our 
main result, Theorem 15.11 Namely, let m + and m_ be the m-functions corresponding to 
(11.31) on (0, 1) and (—1,0), respectively (for definitions see Section I2TTT) . Then (II. 4p is valid 
if and only if 

Re(m + (k/) + m_(k/)) 
(1.6) sup- — — — p < +oo. 



y>0 



\m+(iy) - m-(-iy)\ 



The latter in particular implies that (II. 5p is valid precisely if 

n 7 x Rem+(iy) 

(1.7) sup- — — < +oo. 

y>0 hxvm + {\y) 

To the best of our knowledge this criterion for the validity of the HELP inequality (ll.5p 
seems to be new. 



2 It seems that the paper [3] is not widely known among authors studying the Riesz basis property of 
eigenfunctions for indefinite spectral problems. In particular, in [5], this equivalence was established by 
using a different argument. 
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Let us also note that in the series of papers [THJ [HI HZ] several necessary and sufficient 
conditions, formulated in terms of m-functions, for the Riesz basis property of eigenfunctions 
of ( II. 3p have been found. In particular, it is shown in [T5] that the condition 

fi s\ lm(m r ± (X)) 

(1.8) SUP i t-t ; — < OO 

is necessary for the Riesz basis property of eigenfunctions of (11.31) . Here m r + and ml are 
the m-functions associated with the problem ( 11.31) (see Section [7] for further details). On 
the other hand (see [E)]]), fll-8j) holds true if the operator H (see (17.21) ) associated with (11.31) 
satisfies the linear resolvent growth (LRG) condition: 

IK^-A)- 1 !!^^, (Agc\k). 

Here C > is a positive constant independent of A. Let us also mention that it is shown 
by M. Malamud and the author [TH] that ( II. 8p is also sufficient for the linear growth of the 
resolvent of H and, moreover, the analysis extends to an abstract operator theoretic setting. 
Noting that the functions m± and m r ± are connected by (see (17. 7p ) 

m±(A) = Am ± (A), (A G C+), 

we see that (11.61) follows from (11. 8p . Therefore, Volkmer's inequality (ll.4p is valid if the 
operator H associated with ( II. 3p satisfies the linear resolvent growth condition. However, 
in the case of odd weights r, (jl.4p becomes also sufficient for the Riesz basis property and 
hence we conclude that the linear resolvent growth implies the Riesz basis property for (11.31) 
if r is odd (see Theorem 17.31) . 

In conclusion, let us briefly outline the content of the paper. Section [2] is of preliminary 
character. It contains necessary notions and facts on differential expression and Weyl- 
Titchmarsh m-functions. In Section [31 we give an overview of results on the HELP inequality 
(11.51) . We present Everitt's and Bennewitz's criteria (Theorems 13. II and 13 .21 respectively) and 
also prove Theorem 13.31 which states that (11.71) is necessary and sufficient for the validity of 
(11.51) . Sections H] and [5] present two criteria for the validity of the Volkmer inequality (11.41) . 
In Section [6] we apply the results from previous subsections and obtain some necessary and 
sufficient conditions in terms of weights. It is interesting to note that for scaled odd weights 
(16.21) the inequality (jl.4p is always valid and the constant K in (jl.4p is uniform and depends 
only on a scaling parameter a (see Lemma 16. 3p . In the final Section we establish a 
connection between the inequality (ll.4p and the linear resolvent growth condition (Theorem 
I7.2p . The latter allows us to extend the list of various criteria for the Riesz basis property 
of (11. 3p in the case of odd weights (Theorem 17.31) . In Appendix, we present some necessary 
facts from |4j on asymptotics of Weyl-Titchmarsh m-functions. 

Notation. L 1 (a, b) and AC [a, b] are the sets of Lebesgue integrable and absolutely con- 
tinuous functions on a compact interval [a, £>]; if r G L 1 (a, b) is positive, then L 2 (a, b) stands 

for the Hilbert space of equivalence classes with the norm ||/|| = ( J^ a ^ \f\ 2 r(x)dx) 1 ^ 2 ; 

L 2 (a,b) := L 2 r (a,b) if r = 1. 

N, M, C have the standard meanings; C + is the open upper half-plane, C + = {A G C : 
Im A > 0}; A is the complex conjugate of A G C; E + := [0, +oo) and iR + = {iy : y G 

Prime ' denotes the derivative, ' = 4-. 
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The notation \x G X)' is to be read as 'for all x from the set X\ 

2. Preliminaries 

2.1. Differential operators. Consider the following differential expressions 

(2-1) *[/]:= -(!/')', <[/]== -(^/O'- 

In L 2 (— 1, 1), one associates with these expressions the following operators 

(2.2) Af = a\f\, fedom(A); Lf = £[f], f G dom(L), 
where 

(2.3) dom(A) = {/GL 2 (-l,l): J.^/'G AC[-1,1], (r^f )(±1) = 0, o[/] G L 2 }, 

(2.4) dom(L) = {/ G L 2 (-l, 1) : /, \r\^ f G AC[-1, 1], (|r|-V')(±l) = 0, 4/1 e L 2 }. 
Consider also the minimal and maximal domains 

(2.5) D min = {fe dom(L) : /(0) = drl" 1 /')^) = 0}, 
and 

(2.6) D max = {/GL 2 (-l,l): /,|r|-V'eAC(X\{0}), (|r|-V)(±l) = 0, 4/1 G L 2 }. 
Define the operators 

(2.7) £ min / = ^[/], ^min/ = a[f], dom(L min ) = dom(A min ) = £> min , 
and 

A max f = a[f], A max f = a[f], dom(L max ) = dom(A max ) = D max . 
Note that the operators L min and A min are symmetric, n±(L m i n ) = n±(A m i n ) = 2, and 

T* - T A* — A 

-^min — ^max, ^min ~~ ^max- 

Moreover, 

4 TT A - TT 

where J : f(x) — > (sgax)f(x). 

2.2. Weyl-Titchmarsh m-functions. Let c(x, A) and s(x, A) be the solutions of £[y] = \y 
satisfying the initial conditions 

(2.8) c(0,A) = (|r|"V)(0,A) = 1, s(0, A) = (|r| _ V)(0, A) = 0. 

Define the Weyl solutions corresponding to the Neumann boundary conditions at x — ±1 

(2.9) ij ± (x, A) = s(x, A) =f m±(\)c(x, A), (|r|"V±)(±l, A) = 0, (AG C+). 

The functions m + and m_ are called the m-functions corresponding to i on [0, 1] and [—1, 0], 
respectively. Notice that 

(2.10) ll^±(a:,A)x ± (x)|| 2 = Im ^ ± A (A) , A G C+, 
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where x± is the indicator function of X±, X + = (0, 1) and X_ = (—1,0). The latter means 
that m± is a Herglotz function. Moreover, the function m± admits the representation 

(2.11) m±(A) = / A i R + , 

Jr+ s — a 

where the positive measures dr + and dr_, called the spectral measures, satisfy 

(2.12) / ^±M <00) f d T±(s) = oo. 

In particular, (12.111) means that m + and m_ belong to the Krein-Stieltjes class S (see [33]). 

Notice also that the functions m + and m_ are meromorphic and both have a simple pole 
at A = 0. Indeed, the singularities of m + and m_ are precisely the spectra of the problems 

-(|r|-V)' = Ay, xel±, 

(|r|-V)(0) = (|r|-V)(±l) = 0, 

and A = is the eigenvalue with the eigenfunction y±(x, 0) = c(x, 0) = 1. 
Further, note that the deficiency subspaces of L min and A m[n are given by 

(2.13) N\(L mia ) = span{^ + (x, \)x+(x), ip-(x, A)y_(x)} 
and 

(2.14) Nx(A min ) = span{7/; + (x,A)x + (x),^-(a;,-A)x-(x)}, A 6 C \ 1. 
Finally, by the von Neumann formula, the maximal domain admits the representation 

(2.15) D max = £ min + M x + Mj, AG C+. 

3. The HELP inequality: the regular case 
Assume that r G -^ 1 (0, 1) is positive a.e. on (0, 1). Consider the following inequality 

(3.1) ( f-\f\ 2 dx) 2 <K 2 f\f\ 2 dx f \(-f')'\ 2 dx, (fedom(A + )), 
y Jo r J Jo Jo r 

where 

(3.2) dom(A + ) = {/GL 2 (0,l): /, r" 1 /' G AC[0, 1], (^^(l) = 0, (r^f)' G L 2 }. 

The inequality (13. ip is said to be valid if there is K > such that (13.11) holds for all 
/ G dom(A + ). 

Let m + be the m-function defined by (12. 9p . The following criterion for the validity of (13. ip 
was found by Everitt [T2] (see also [9], where the regular case was treated). 

Theorem 3.1 (Everitt). The inequality (13.11) is valid if and only if there is 9 £ (0, |) such 
that 

(3.3) - Im(A 2 m+(A)) > 0, (AG T e ), 

where T g := {z e C + : e [- cosfl, cosO]}. 

Moreover, the best possible K in (13. ip is given by 

1 7T 

K = — , 6 := inf {9 G (0, -1 : Q is satisfied}. 

cos 0q k v 2 J J 
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Bennewitz in [3] found necessary and sufficient condition on the coefficient r such that 
(EU) is valid. 

Definition 3.1. Let r G -^ 1 (0, 1) be positive a.e. on (0, 1). We say thatr satisfies Bennewit's 
condition at if there is t G (0, 1) such that 

J[o tx] r (C)^C 

(3.4) S (t) := limsup S(t, x) ^ 1, where S(t,x) := J. />-,,> ■ 

Theorem 3.2 (Bennewitz). The inequality (13.1 1) i>a/zd if and only ifr satisfies Bennewitz's 
condition. 

The proof of Theorem 13.21 is based on the following result for m-functions. 
Lemma 3.1 (0). Let m + be the m-function defined by (12. 9p . Then 

(3.5) |m + (A)| = 0(lmm + (A)) as A — > oo 

m any nonreal sector (a sector non intersecting the real axis) if r satisfies Bennewitz's 
condition (13.41) . 

As we shall show below, the converse statement is also true (see Corollary 13. 2p . 

Everitt's criterion for the validity of ( 13. ip requires the knowledge of asymptotic behavior of 
the corresponding m-function m + at least in some sector of C + , which contains the imaginary 
semi-axis iR + . Our main aim is to show that it suffices to know only the behavior of m + 
along the ray iR + . 

Theorem 3.3. Let m + be the m-function defined by (12.91) . Then the inequality (13. ip is valid 
if and only if 

a r\ Rem + (h/) 

(3.0) SUp r < OO. 

y>0 lmm + (iy) 



Before proving Theorem 13.31 we need the following result. 
Lemma 3.2. Assume that Sq = 1 on (0, 1). Then there is a sequence C C + such that 

(3.7) Xj = (kj + i)yj, yj ->■ +oo, kj ->■ +0, 
and argm + (Aj) = o(l) as j — > +oo, i.e. 

(3.8) ^7^ = ^ 

Kem + (Aj) 

Proof. Let A = pe ie G C+. Denote also m+(A) = \m + (X)\e Wm . Note that B m G (0, it) if 
A G C + since m + is Herglotz. Then 

Im(A 2 m + (A)) = p 2 \m + \ sin(26» + 

Therefore, Im(A 2 m + (A)) > precisely when 26 + 8 m < tt. 

If S'o = 1 on (0, 1), then, by Theorem 13.11 and Theorem 13.21 there are sequences {9j}^° C 
(0, f ) and {pj}f C R+ such that pj f | and Im(A 2 m+(A i )) > 0, where Aj- := p 3 -e^, (j G N). 
The latter means that 29 j + (9 m )j < tt, where (6* m )j := argm+^-e 1 ^) G (0,7r). Therefore, 
(^m)i 4- as j — > oo. 

To complete the proof it remains to note that Aj can accumulate only at or at oo since 
m + is Herglotz. However, m + has a pole at A = and hence A,- goes to oo. □ 
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As an immediate corollary we obtain the statement converse to Lemma 13.11 

Corollary 3.1. Let m + be the m-function defined by (12. 9p . If m + satisfies (I3.5P in any 

nonreal sector, then S ^ 1. 

Combining Theorem 13.21 with Lemma 13.11 and Corollary 13.11 we arrive at another criterion 
for the validity of (13.1 p in terms of the Weyl-Titchmarsh coefficient m + . 

Corollary 3.2. The inequality (13 .ip is valid if and only if m + satisfies (I3.5P in any nonreal 
sector in C + . 

Remark 3.1. By Corollary 1 3. 4 the inequality (13. ip is valid if and only if m + maps any 
nonreal sector into a nonreal sector. However, Theorem \3.3\ states that for the validity of 
( 13. ip it suffices to check that the image of iIR+ under m + lies in some nonreal sector. In 
particular, the following are equivalent: 

(i) m + maps any nonreal sector into a nonreal sector, 

(ii) m + maps (iO, +ioo) into a nonreal sector. 

Proof of Theorem \3.3[ Necessity. Assume that (13.1 p is valid. Firstly, note that the Weyl 
solution ip + (x, X) defined by (12. 9p belongs to dom(A + ). Using (I2.10p and (12. 9p we get 

j'l \ij + (x,iy)\ 2 dx = ±Imm+(iy), 

Jq \(~i)' + {x,iy))'\ 2 dx = y 2 $1 \i/)+(x, iy)\ 2 dx = ylmm+(iy), 

j'l \W + {x,\y)\ 2 dx = V^^il/H^VVO^-i^li-o ~ ' l V Jo iV'+fo w)?dx 
= m + {iy) — ilmm + (k/) = Rem + (iy). 

Therefore, substituting ip + (x,iy) into (13. ip . we arrive at 

Rem + (k/) < Klmm + (iy), (y > 0). 

Sufficiency. Assume the converse, i.e., (13. ip is not valid. Then, by Theorem 13. 2 \ So = 1 
on (0, 1) and hence, by Lemma 13. 2\ there is a sequence C C + with the properties 

flSUHUD. 

Using (12.111) . observe that for Xj = Xj + iyj = (kj + i)yj 

lmm + (Xj) - Imm+iiyj) = / — =- — -p- — ^dr + (s). 



s 2 + y 2 (s-Xj) 2 + y 2 



Since 



2CT ■ — T.I ^ ■ A- rn T^ 1 

| oujy J I J 3 3 3 i 2 



we get 

(3.9) |lmm + (Aj) — Imm + (k/j)| < 2kjlmm + (Xj) kj < 1. 

Further, 

f { s — x ■ s \ 

Rem + (Xj) - Rem+(iyj) = / r^- — j - T~; — 2 W r -+ 



Note that 



Xj 



[s - Xj) 2 + y 2 s 2 + y 2 



< 7 , s2x C: sx2j + x f j ^ < (2% + ^ "' 



s-Xj) 2 + y 2 s 2 + y 2 {s 2 + y 2 ){{s -xj) 2 + y 2 ) 3 3 (s-Xj) 2 + y] 
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Thus, we get 

(3.10) |Rem + (Aj) — Kem + (iyj)\ < 3kjlmm + (\j) kj < 1. 

Therefore, combining (I3.9p . (I3.10p with (I3.8P and noting that kj j. 0, we obtain 

lmm + (iyj) = o(Rem + (iy i )), j -> oo. 

Therefore, (I3.6P is not satisfied. The proof is completed. □ 

Remark 3.2. According to the proof of necessity of ( 13. 6 j) /or t/ie validity of ( 13. ip . Theorem 
\3.3\ means that it suffices to check ( 13. ip on £/ie VFey/ solutions corresponding to imaginary 
A = iy ; (y > 0). T/ioi is, (13. ip is valid if and only if there is if > such that (13. ip holds 
true for all / = 4>+(x, iy), y > 0. 



Note that Theorem I3.3[ as well as Corollary 13. 2\ does not provide the best possible value 
of K in (13. ip . However, it gives a lower bound for K. 

Corollary 3.3. Let K be the best possible value of K in ( 13. ip . Then 

Rem + (iy) 

sup yr^- < K . 

y>0 lmm + {iy) 



Proof. The claim immediately follows from the proof of necessity of Theorem 13.31 □ 

Remark 3.3. Theorem \3.3\ is concerned with the particular case of the general HELP in- 
equality ( II .ip . However, Theorem \3.3\ remains true under the following assumptions on 
coefficients in ( 11.1 p .- 

(i) ( II -2p is regular at both endpoints; 

(ii) the spectral problem (II. 2p subject to the Neumann boundary conditions has a nonneg- 
ative spectrum; 

(iii) the functions from !D ma x also satisfy the Neumann boundary condition at x = b. 
The case of a singular endpoint x = b will be considered elsewhere. 

4. VOLKMER'S INEQUALITY: THE FIRST CRITERION 

Assume now that r e L (—1,1) is real-valued and xr(x) > a.e. on (—1,1). Consider 
the following inequality 

(4.1) (^1|/'|W) 2 <K 2 jjf\ 2 dx |j(V)'| 2 cfe, Cfedom(A)). 

Here dom(A) denotes the domain of the operator A and is given by (12. 3p . 

dom(A) = {/ 6 L 2 (-l, 1) : /, r- 1 /' G AC[-1, 1], (^^(±1) = 0, a[/] G L 2 }. 

The inequality (14. ip is said to be valid if there is K > such that (14. ip holds for all 
/ G dom(A). 

Note that the inequality (14.11) differs from (11.11) since the left-hand side in (14.11) is the 
Dirichlet integral corresponding to the operator L (see (12. 7p ). however, we consider (14.11) on 
functions from dom(A). Clearly, the inequality (14. ip considered on functions / G dom(L) 
holds true with K = 1 (this follows from integration by parts applied to the left-hand side 
of (14. ip and subsequent use of the Cauchy-Schwarz inequality). 
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On the other hand, if we consider (14. Xp on a larger domain S) max (see (I2.6P ). then clearly 
fl4.ll) is equivalent to two separated HELP inequalities of the form (13 . XI) and then the answer 
is given by criteria from Section [3J However, we consider (14. Xp on a domain dom(A), which 
is smaller than 3) max . Namely, / G dom(A) precisely when / G 2) max and satisfies additional 
boundary conditions at x = 0: 

(4.2) /(+0) = /(-0), (r-V)'(+0) = (r-V)'(-O)- 

Therefore, conditions from Section [3] become only sufficient for the validity of (I4.ip . 

We shall present two criteria for the validity of ( 14. ip . Note that the first one, Theorem 
14.11 is the analog of the Everitt criterion (1 3 . 3 p and the second criterion, Theorem 15.11 is the 
analog of Theorem 13.31 

Before formulate the first result, we need some notation. Let m + and m_ be the m- 
functions defined by (12.91) . Set 

1 / ImA -Im(Am±(A)) 



(4.3) M±(A) :- Imm±(A) ^ _i m(Am± (A)) ImA|m ± (A)p 
and 

(4.4) M A {\) := M+(A) + M_(A), A G C+. 

Theorem 4.1. Let m + and m_ be the m-functions defined by (12. 9p . Let also M A be given 
by (14.31) . (14.41) . Then ( 14.11) is valid if and only if there is 9 E (0, f ) such that 

(4.5) M A (X) > for all A G C + with ^^ = cos#. 



A 



Moreover, the best possible K is given by 



K = — , 9 := inf {9 G (0, J] : g2J zs satisfied}. 

cos #0 2 

The proof is based on ideas of the operator-theoretic proof of the HELP inequality [H §8]. 
Note that this method was first proposed in [IT] . 
We divide the proof in several steps. 

Firstly, for f,g G S) max consider the following bilinear form 

t[/,0]:= f ^if'g'dx, t[/]:=t[/,/]. 
V-i l r l 

Then we can rewrite (14.11) as follows 

t[/]<Al/|| L2 ||a[/]|| L2 , (/Gdom(A)). 
Clearly, for all f,gE £> max we have (€[/], £[gf]) = (a[/], a[y]) and hence ( 14. X p becomes 

(4.6) t[f}<K\\f\\ L 4£[f}\\ L ,, (/Gdom(A)). 
Further, for A G C + let us consider the hermitian form 

(4.7) J x (f,g) = \\\ 2 (f,g) L * - 2Re\t[f,g] + (£[f},£[g}) L *, f,g G 2 max . 
Noting that 

(4.8) J x (f) := J x (f,f) = ||/|| 2 (|A| - ^^) 2 + ^ ¥ (\\f\\ 2 ¥[f]\\ 2 ~ ^Siiff 
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we immediately arrive at the following statement. 

Lemma 4.1. The inequality (14. ip holds true for all f G S) m ax (f £ dom(A)) with some 
K > precisely if J\(f) is positive for all f G 3) max (f G dom(A) J on £u;o rays m tne upper 
half-plane for which = ±-^. 

The next result shows that it suffices to consider the form J\ on a finite dimensional 
subspace. 

Lemma 4.2. Lei A/a, A G C \ R, fre the deficiency subspace (12.131) . Then the form J\ is 
nonnegative on 3) max if and only if it is so on A/a + A/^ 

Proof. By the first von Neumann formula (I2.15p . / G £> max admits the representation 

f = f + fx + fx, /oGSmin, /aGATa(L). 

Further, if /, g G £ m ax, then 

(4.9) t[/, a] = -(|r|-Y)^|^ + (£[/], o) i2 = -/(|r|-V)|^ + (/,%])l- 

Hence, by fl!2D, t[/ ] = (4/o],/o) and then 

Jx(fo) = |A| 2 ||/ || 2 - 2ReA(£[/ ], / ) + |K[/o]f = ||4/o] - ReA/ || 2 + |ImA| 2 ||/ || 2 > 0. 

Therefore, J\ is positive on S) m i n if A G C+. 
Let fx G A/a- Then, by (Ojl . we get 

Ufa, fx) = |A| 2 (/o, /a) - 2A Re A(/ , fx) + A 2 (/ , fx) = 0, 

and similarly 

Jx(fo, /x) = |A| 2 (/o, /a) - 2A Re A(/ 0> h) + A 2 (/ , /a) = 0. 
This completes the proof. □ 
Consider the following functions 



Lemma 4.3. Let m± and M± be defined by (12. 9p and ( I4.10p . respectively. The form J\ is 
nonnegative on S? max if and only if both matrices M + (A) and M_(A) are nonnegative. 

Proof. Firstly, by ( I2.13p . each f\ G Mx(L m i n ) admits the representation 

fx(x) = c+ip + (x, X)x+(x) + c_V>-(z, A)x-(ac), c± G C. 

Next observe that 

Ja(/a) = |c + | 2 Ja(^ + (A) X+ ) + |c_| 2 Ja(^(A) X _). 
By (TJSD and we get 

and hence 

(4.H) t[ / A] = |c + | 2 lm(A T m t (A)) + |c_| 2 lm(A T m ; (A)) , AGC + . 

lm A lm A 
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Next, we compute 

t (i m ^ om2 Imm ± (A) Im(Am±(A)) 
J A (V> ± (A) X± ) = 2|A| |— ^ 2Re A — 

(4.12) = 2(ImAImm ± (A) - Re A Re m ± (A)) = -2Re(Am±(A)), 



and 



r , i ,\\ \ oU | 2 Imm ± (A) Im(Am±(A)) 
■/a(V'±CA)x±) = 2|A| — - — = 2Re A- 



Im A Im A 

(4.13) = 2(ImAImm±(A) - Re ARem ± (A)) = -2Re(Am±(A)). 

Finally, one easily obtains 

(4.14) Ja(V»±(A),V±(A)) = -2Re Am ± (A). 
Therefore, using (I4.lip -f l4.14p and setting 

(4.15) f± = cfi>±(x, X)x±(x) + cfi/j±(x, A)x±(s), 
we get 

(4.16) Jx(f±) = (2M ± (X)C ± ,C ± ), 

where C± := co\(cf,cf) G C 2 . Hence, J\ is nonnegative on J\f\ + M\ precisely when both 
M + (A) and M_(A) are nonnegative. Lemma [4.21 completes the proof. □ 

Corollary 4.1 (Everitt). There is K > such that (14. ip zs satisfied for all f G £> m ax if and 
only if 

(4.17) - Im(A 2 m ± (A)) > /or a// A G C+ with = 

I A| K 

Proof. Straightforward calculations yield 

detM±(A) = -Imm±(A) Im(A 2 m ± (A)). 

Lemmas 14.21 and 14.31 complete the proof. □ 

Now we are ready to complete the proof of Theorem 14.11 

Proof of Theorem J^.l, Firstly, observe that / G dom(A) if and only if / G D max and satisfies 
the boundary conditions ( 14.21) . Further, note that / G S) max admits the representation 
/ = fo + f+ + f-, where /„ G D min and f± are given by (|4.15p. Hence, by (J22D, / G dom(A) 
precisely when 

— c^m + (A) — c^~m + (A) = c^~m_(A) + C2~m_(A) 

C 2~ = C l "I" C 2 

or, equivalently, if C± = col(cf ,02) G C 2 satisfy 



m±(A) m±(A) 
1 1 



(4.18) - J D + (A)C + = J D_(A)C_, £>±(A) := 

Notice that det-D±(A) = 2iImm±(A) ^ if A G C + , and hence 

A G C 



m±(A) — m±(A) \ _i m ±l A J 
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Therefore, using (I4.16P and (j4.18p . we obtain for / e dom(A) 

Jx(f) = Jx(U) + Jx(f-) = 2(M + (A)C + ,CV) + 2(M_(A)C7_,C_) 
= 2((M + (A) + J D+(A)* J D_(A)-*M_(A) J D_(A)- 1 J D + (A))C + ,L7 + ). 
Hence J\ is nonnegative for all / e dom(A) if and only if the matrix 

J D + (A)-*Af + (A)D + (A)- 1 + D_(A)-*M_(A)D_(A) _1 
is nonnegative. Notice that Ma(A) = M+(A) + M_(A), where 

M ± (A) := 4D±( A) ~*M ± (A) D± (A) _1 = - J— f T * mA /,« T^^ftP 
w w ±v ; ±v 7 Imm ± (A) \ -Im(Am±(A)) ImA|m ± (A)| 2 



Hence Lemma [4. II completes the proof. □ 

5. VOLKMER'S INEQUALITY: THE SECOND CRITERION 

In this section we are going to prove the main result of our paper: 

Theorem 5.1. Letm + andm_ be the m-functions (12.91) . Then the Volkmer inequality (14. ip 
is valid if and only if 

Re(m + (ky) +m_(iy)) 

(5.1) sup — . < +oo. 

y>o \m + (iy) -m-{-\y)\ 

Before proving Theorem 15.11 we need several preliminary lemmas. 

Lemma 5.1. Let the matrix-function be given by (14.31) - (14. 4p and define 

Ko\ M (\\ det Ma (A) 

5-2 M A A := — — -, A G C+. 

1m m + (A)lm m_ (A) 

Then for A = (K + \)y, y>0,KeR, 



(5.3) Ma(A) = |m+(A) -m_(A)| - 4ATIm(m + (A) m_(A)) - AK 2 Imm+(A)Imm_(A). 

Proof. The proof follows from lengthy but straightforward calculations. Namely, set A 
(K + i)y. Note that 

_ / M n (A) M 12 (A) N 
Ma[X) ~ \M l2 {\) M 22 (A), 
where 

Afn (A) =Imm + (A) + Imm_(A), M 22 (A) = Imm+(A)|m_(A)| 2 + Imm_(A)|m+(A)| 2 , 
M 12 (A) = -Imm+(A)Im((ir + i)m_(A)) - \mm_(\)\m((K + i)m+(A)). 

Therefore, 

detM A (A) = (Imm+(A) + Imm_(A))(Imm + (A)|m_(A)| 2 + Imm_(A)|m+(A)| 2 ) 
- (lmm + (X)lm((K + i)m_(A)) + Imm_(A)Im((iT + i)m + (A))) 2 . 
Further, note that 

|m±(A)| 2 - (lm((K + i)m ± (A))) 2 = (Rem±(A)) + (Imm ± (A)) 2 - if 2 (imm ± (A)) 2 - (Rem ± 
-2Mmm ± (A)Rem±(A) = Imm±(A)[(l - K 2 )Imm±(\) - 2KRem±(X)], 
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and 

lm((K + i)m+(A)) ■ lm((K + i)m_(A)) = (i^Imm+(A) + Rem+(A))(inmm_(A) + Rem_ 
= i^ 2 Imm + (A)Imm_(A) + i^(Imm + (A)Rem_(A) + Imm_(A)Re m + (A)) + Rem + (A)Rem 
Therefore, 

M A (\) = |m + (A)| 2 + |m_(A)| 2 + Imm + (A)[(l- J ft: 2 )Imm_(A)-2 J fs:Rem_(A)] 

+ Imm-(A) [(1 - ir 2 )Imm + (A) - 2iHlem + (A)] - 2K 2 Imm+(A)Imm_(A) 

— 2fs:(Imm + (A)Rem_(A) + Imm_(A)Rem+(A)) - 2Rem + (A)Rem_(A) 
= (Imm + (A)) 2 + (Imm_(A)) 2 + 2(1 - 2ff 2 )Imm + (A)Imm_(A) 

— 4fT(Imm + (A)Rem_(A) + Imm_(A)Rem + (A)) 

+ (Rem + (A)) 2 + (Rem_(A)) 2 - 2Rem + (A)Rem_(A) 

= (Imm+(A) + Imm_(A)) 2 + (Rem + (A) - Rem_(A)) 2 

— 4i^ 2 Imm + (A)Imm_(A) — 4fC(Imm + (A)Rem_(A) + Imm_(A)Rem + (A)) 



|m + (A) — m_(A) | 2 — 4Klm(m + (X) m_(A)) — 4i^ 2 Imm + (A)Imm_(A). 



Corollary 5.1. Let A = (K + \)y E C + and M A be given by (I5.3p . Then 



□ 



(5.4) (l-K 2 )|m + (A)-m_(A)| 2 -4KIm(m + (A)m_(A)) < M A {\) 



(5.5) < |m+(A) - m_(A)| - 4KIm(m + (A) m_(A)). 

Proof. Inequality ( 15. 5p clearly follows from (15. 3p . To prove (15 .4p it suffices to note that 



m + (A) — m_(A) > (Imm + (A) + Imm_(A)) > 4Imm + (A)Imm_(A). 



□ 



Corollary 5.2. If A = (K + Vjy E C+ and K E [—1,0], then M A (X) > 0. 

Proof. Using the representation ( 12. lip of m±, we get Im(m + (A)m_(A)) > if A = (K + \)y 
with K < and y > 0. Inequality ( 15 .4p completes the proof. □ 

Therefore, we can restrict our considerations to the first quarter. 

Now let us demonstrate that the condition stronger than (15. ip is sufficient for the validity 
of gl]). Set 

S k := {\ = (K + i)y.y>0, K E (0,k)}. 
Lemma 5.2. // there is k > such that 

,k R x |Im(m + (A)m_(A))| 

(5.6) sup 2 - = C < oo, 

Ae5 fc |m + (A) — m_(A) | 

then Volkmer's inequality (14. ip zs valid. 

Proof. Set fco := a/Cq + 1 — Co > 0. Note that /c satisfies 

1 - A- 2 
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Hence (15. 4p implies that Ma(A) > for all A = (K + i)y with y > and K e (0, k), where 
A; = min{/c, fco}. By (j5.2]) . Corollary 15.21 and Theorem 14. 1[ Volkmer's inequality holds true 

with the constant if := ^/l + -p-- □ 

As an immediate corollary of Lemma 15.21 we obtain that the left-hand side in (15. 6p is 
unbounded in any sector if (14.11) is not valid. 

Corollary 5.3. If Volkmer's inequality (14.11) is not valid, then there is a sequence {An,}^ C 
C + such that 

(5.7) A n = (k n + i)y n , y n -> +oo, k n -»■ +0, 
and 

, K q \ |Im(m + (A n )m_(A n ))| 

(5.8) - — ' > +oo. 

|m + (A n ) - m_(A n )| 

Proof. By Theorem 14. II and (15. 2p . if Vollkmer's inequality is not valid, then for any sequence 
k n l there is a sequence y n > such that 

M A {X n ) < 0, A„ = (k n + i)y n , {n e N). 

Therefore, by (15.41) . 

|Im(m + (A„)m_(A n ))| 1-2^ 

2 - > — — >■ +00 as A; n — > +0. 

|m+(A n ) -m_(A„)| ^ k n 

Finally, note that A n accumulates at 00. Indeed, both m + and m_ have a simple pole at 
A = and hence A n cannot accumulate at 0. Moreover, lm(m + (iy) — m_(iy)) = lmm + (iy) + 
Imm_(i|/) > for any finite y > 0. □ 

In the next corollary we shall show that one can choose a sequence A n with the properties 
(15.71) and such that it satisfies a condition stronger than (15.81) . 

Corollary 5.4. If Volkmer's inequality (14. ip is not valid, then there is a sequence {A^jf 3 C 
C + satisfying (15. 7p and such that 

, Kn x .. Re(m+(A„) + m_(A„)) 

(5.9) hm — - = +00. 

\m + (X n ) -m_(A„)| 

Proof. By Corollary 15.31 there is a sequence A n with the properties (I5.7p -( 15T8|) if (14. ip is not 
valid. Therefore, at least one of the following sequences 

Imm + (A„)Rem_(A„) Imm_(A n )Rem + (A„) 

=== — , === — , n e N, 

\m+(\ n ) - m_(A n )| 2 |m + (A n ) - m_(A n )| 2 

is unbounded. Assume that the second sequence is unbounded. Noting that 

Imm ± (A) < fcnrMA) ^ ^ 



|m+(A) -m_(A)| Im(m+(A) + m_(A)) 
we get 

(zin\ Rem+(A n ) 

(5.10) sup- = 00. 

n m + (A n ) - m_(A n ) 
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Without loss of generality we can assume that 

|Rem + (A n )| 
^=^=- — > +00 as n — > 00. 

\m + (X n ) - m_(A n )| 

The latter, in particular, implies 

, c11 s Rem+(A n ) - Rera_(A n ) Imm±(A n ) 

(5.11) — >0, TVT^O, as 

Again, using the representation (12.111) and the assumption that A n is asymptotically imagi- 
nary, we get m±(X n ) — » as n — > 00, and hence the first relation in (15. lip yields 

(5.12) Rem + (A n ) = Rem_(A„,)(l + o(l)), n -> 00. 

On the other hand, the second relation in (15.111) and (13.101) implies that Rem + (A n ) and 
hence Rem_(A n ) are positive for sufficiently large n G N. Combining this fact and the last 
relation with ( I5.10p . we arrive at ( 15. 9p . □ 

The most difficult part of the proof of Theorem 15.11 is to prove the statement converse to 
Corollary 15.31 The two-sided estimate ( I5.4p - (l5.5p shows that for Ma to be positive in some 
sector Sk it is necessary that the left-hand side in ( 15. 6 p is less than ^ if A = (K + i)y, y > 0. 
But (15 .4p allows some growth in K for the left-hand side in (I5.6p . Namely, if it is less than 
for all A = (K + i)y, then Ma is nonnegative on the corresponding ray. So, to prove 
the converse implication we need to show that for any K > there is yx > such that the 
fraction at the left-hand side in (15.61) is greater than 

Lemma 5.3. If there is a sequence {A n } C C + satisfying (15. 7p and such that ( 15. 9 p holds, 
then Volkmer's inequality (14. ip is not valid. 

Proof. We divide the proof in two steps. 

(2) Let the sequence {A^}^ satisfy (15. 7p and ( 15. 9p . The latter means that 

Rem + (A n ) Rem_(A n ) 
either - — > 00 or - — > 00. 

p + (A„) -m_(A n )| p+(A n ) - m-(\ n )\ 

Without loss of generality we assume that the first sequence tends to infinity. Similar to the 
proof of Corollary I5.4[ we arrive at the following relations 

(5.13) Imm±(A n ) = o(Rem±(A n )), Rem_(A n ) = Rem + (A n )(l + o(l)), n — > 00. 
By Lemma [3. 1[ the first equality in ( 15 . 1 3 j) yields 

St(x) = l, x€(0,l), 

where the functions S$ are defined by (13.41) . 

(ii) Next we shall use some arguments from [3] (see also Appendix). Set 

Pn ■= |A n |, (n e N), 

and define 

pX 

(5.14) R±(x):= |r(±*)|d*, x G (0, 1). 

Jo 
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Note that the function R± is strictly increasing and absolutely continuous on (0, 1). Denote 
by R^. 1 its inverse and define f± as the inverse of 1 / (R± x (x)f . Note that f±(t) J, as 
t f +oo. Next, consider the following sequence of functions 

_,+ , . R±(u n x) 1 . _ 

Pt{x)>.= ±\ n > u n := (n G N). 

R±{U n ) PnJ±{pn) 

Note that u n — > since p n — > +oo (see Appendix |A.2[) . Hence P^ is increasing and maps 
[0, 1] onto itself. By the Helly theorem we may choose a subsequence of p n so that P^ 
converges, pointwise and boundedly along this subsequence, to some increasing function 
P^. Without loss of generality we can assume that P± converges to P^ along the sequence 

Pn- 

By (15. 7p and (15. 9p . lim n y- = i and j^t^t is asymptotically real. Therefore (see Appendix 
IA.2j) . j^pj is asymptotically in the Weyl circle of the system (IA.4|) with P = P^. Therefore, 
the Weyl circle at A = i contains a real point. The latter is possible if and only if P^{x) = a± 
on (0, 1), i.e., dP^(x) = a±5(x) (see Example IA. 1[) . Clearly, a± G (0, 1]. 

Therefore (see Appendix I A. 21 and Example IA. lj) . 

±(A n ) i s aS y m ptotically in the circle Ci(a± + -), 

f±{Pn) 22 

and hence 

(5.15) m±(\ n ) = a ± f ± (p n )(l + o(l)), n oo. 
Moreover, (15.131) implies 

(5.16) a_/_(p n ) = a + /+(p n )(l + o(l)), n ->• oo. 
Furthermore, m±(pp n ) / a±f±(p n ) is asymptotically in the circle 

(5.17) C V2a ± |im,|(l + ^^f) = {^: k-i-^^h^^Tj}- 

The latter holds uniformly for p in any compact set not intersecting R. 

(iii) Now fix K > and let p G T K = {A : A = (K + i)y, y > 0}. Consider the sequence 

(5.18) M K (n) := Mm + fcp n )m.(/*Pn) )| 

|m + (^p n ) - m^(pp n )\ 2 

Notice that for any two points z + and z_ in the circle B p {l + ip) the following inequality 

(5.19) > 

holds true for a sufficiently small p > 0. Indeed, if z + and z_ approach A = 1, the left-hand 
side in (15.191) tends to infinity and hence ( 15.191) is satisfied in some neighborhood of A = 1. 
Assume that z± ^ 1, i.e., Imz± > 0. Then 

lm.(z + zJ) > min{Re^ + , R,ez_}(lmz + + Ini2_) > {1 — p){\mz + + \mzS). 

On the other hand, we get 

\z+-—\ 2 (Rez + -Rez.f (Re z + - if + (Re z_ - if 

+ Imz + + Imz_ < 2^ ±- — J + 4p 



Im z + + Im z_ Im z + + Im Z- Im z + + Im z_ 
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However, for any z± G C p {l + ip) \ {1} 

(Rez± — l) 2 = p 2 — (Imz± — p) 2 = Imz±(2p — Imz±) < 2plmz±, 
and hence we finally get 

\z+ — ~\ 2 

T ^ T <8p, 
1m z + + 1m Z- 

which proves (15.191) . 

Therefore, for n large enough we get 

|Im(m + (pp n )m_(pp n ))| 2a Imp - 1 

(5.20) > , a := mm{a+, a_} > 0. 

|m + (pp n ) - m_(pp n )\ 2 » 

Therefore, choosing any y K > + ^- and setting p^ := (K + i)yK, we see that the left- 
hand side in (I5.20p is greater than j^. Thus, by (15. 5p . we conclude that Ma(pkPu) becomes 
negative for n G N large enough. Using (15. 2p . we conclude that for any K > there is 
UK > such that det Ma_((K + i)i)k) < 0. Theorem 14.11 completes the proof. □ 

Now we are ready to prove the main theorem. 



Proof of Theorem \5.1i The proof is similar to the proof of sufficiency of Theorem 13.31 
Sufficiency. Assume the converse, that is (14.11) is not valid. Let us show that in this case 

the supremum in ( 15. ip equals +oo. 

Firstly, by Corollary I5.4[ there is a sequence {A n } G C + satisfying (15. 7p and (15. 9p . Then, 

arguing as in the proof of Corollary I5.4[ one shows that (I5.13P holds true. Next, by (13. 9p 

and ( 13.1 Op , for k n < 1/2 and n large enough we have 

(5.21) 

|Imm±(A n ) - lmm ± (iy n )\ < 2k n Imm ± (A n ), |Rem ± (A n ) - Rem±(iy n )\ < 3k n Imm ± (A n ) 

The latter immediately implies 

|m±(Aft) - m±(iy n )\ < Ak n Imm ± (A„). 

Using the first relation in (I5.13p . we obtain 

Rem±(k/ n ) = Rem ± (A n )(l + o(l)), 

\m+(iy n ) - m-(-iy n )\ = \m + (\ n ) - m_(A n )|(l + o(l)), n -> oo. 

Combining this with ( 15. 9 p and using the second relation in (I5.13p . we immediately get 

r Re(m + (h/ n ) + m_{iy n )) 

(5.22) lim — r — — -- = +oo, 

rw+oo \m + (iy n ) - m_{-iy n )\ 

which proves sufficiency. 

Necessity. Assume that (15.11) is not satisfied. To prove the claim it suffices to show that 
there is a sequence {A n } C C + satisfying (15 .7p and (15.91) . 

Firstly, there is y n — > +oo such that (I5.22p holds. The latter implies (I5.13P with iy n 
instead of A„. 

Choose an arbitrary sequence K n — > +0 and set X n := (K n + i)y n , n G N. Again, using 
(I5.13P and (I3.9p - (I3.10I) . one arrives at the estimates (I5.2ip . The rest of the proof is analogous 
to the proof of sufficiency and we left it to the reader. □ 

We complete this section with the following remark. 
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Remark 5.1. The proof of Theorem J^A_ is based on operator-theoretic ideas from [TUl E] 



and, clearly, the analysis extends to general Sturm-Liouville differential expressions and even 
to the abstract settings. However, the proof of Theorem \5.1\ exploits two specific features of 
(14. ID .' (i) the integral represenation ( 12. lip of m- coefficients m + andm_, (ii) connections 
between the asymptotic behavior of m± and the behavior of r at ±0. Therefore, Theorem \5.1\ 
can be extended at least to the case of general regular Sturm-Liouville expressions under the 
assumption that m + and m_ admit the representation (12.111) (12. 12() . 

6. Necessary and sufficient conditions for the validity of Volkmer's 

inequality in terms of weights 

6.1. The case of odd r. Clearly, the condition (14. 1 7j) implies ( 14 . 5 p . Indeed, (14. is 
satisfied precisely if (14. ip holds for all / G £> max , however, (I4.5|) gives a criterion for the 
validity of (14.11) on a smaller domain dom(A). The converse implication is not true in general 
(cf. Section l6\3l below). However, in exceptional cases it is indeed true. In particular, the 
next result shows that it is true for odd r. 

Lemma 6.1. Assume that r G 1, 1) is odd and xr(x) > a.e. on (—1, 1). Let also m + 
be the m-function defined by (12.91) . Then the following are equivalent: 

(i) Volkmer's inequality (14. ip is valid, 

(ii) the HELP inequality (13. ip is valid, 

(iii) there is K > such that m + satisfies (I4.17p . 
(iv) 

(r i\ Rem+(iy) 

(6.1) sup- 7— < +oo, 

y>0 lmm + (iy) 

(v) the function r satisfies Bennewitz's condition ( 13.4)) . 

Proof. We only need to establish the equivalence (i) (ii). Since r is odd, we clearly get 
m + (A) = m_(A). Therefore (see (P]) . (Ojl ). M A (\) = 2M+(A). Noting that det M+(A) = 
— Im I mn^~(X)'' > " > > Theorems 13.11 and 14.11 complete the proof. □ 

6.2. Nonodd weights. In the case of non-odd weights, the validity of ( 14. ip is an open 
problem. Note that Theorem 14.11 and Theorem 15.11 provide two critera for the validity of 
Volkmer's inequality in terms of m-functions. Our next aim is to apply Bennewitz's criterion 
in order to get simple sufficient conditions for the validity of (14. ip in terms of the weight r. 

Definition 6.1. Let r G L 1 (— 1, 1) and xr(x) > a.e. on (—1, 1). We say that the function 
r satisfies Bennewit's condition at +0 (— 0) if there is t G (0,1) such that ( 13 .4p is satisfied 
with r(x) (\r(—x)\). 

Lemma 6.2. Let r G 1,1) and xr(x) > a.e. on (—1,1). If r satisfies Bennewitz's 
condition either at +0 or at —0, then the inequality ( 14. ip is valid. 

Proof. The proof immediately follows from the proof of Lemma 15.31 Namely, assume that 
( 14. ip is not valid. Then there is a sequence A n satisfying (15. Tp and (1 5 . 1 3 p . Lemma I3TT1 implies 
that r does not satisfy Bennewitz's condition at both +0 and —0. □ 
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Remark 6.1. Note that one can easily get sufficient conditions for the validity of ( 14.1 j) fry 
applying Theorem \l.l\ and known sufficient conditions for the Riesz basis property (see, e.g., 
[HI [201 122] and references therein). In particular, Lemma \6. 1 follows from Theorem \l.l\ and 
Corollary 4 from 



6.3. Nonsymmetric scaling. In this subsection we concentrate our attention on a partic- 
ular class of non-odd weights 



(6.2) r(x) 



r(x), x G (0, 1), 

-a 2 r(—ax), 16 (-l/o,0), 



where a > is a positive constant and r : (0, 1) — > M + . Namely we consider (14. ip with f in 
place of r and on the interval [— 1/a, 1] instead of [—1, 1]. 

Lemma 6.3. Let a > and r be given by (16. 2p . where r G -^ 1 (0, 1) zs positive a.e. on (0, 1). 
If a ^ 1, then (14. ip zs i>aM witt 

' 1 + a 



1 — a 



Moreover, the constant K a is the best possible. 

Proof. Without loss of generality we can assume that a > 1. Let m + and m_ be the 
corresponding m-function. Firstly, observe that for weights (16. 2p the m-functions m + and 
m_ are connected by 

m_(A) = am + (A), A G C+. 
Indeed, let m and m c be the m-functions corresponding to Neumann problems for equations 

-(r(x)-y)' = Ay, are [0,1] 

and 

-((a 2 r(ax))~V )' = Ay, a; G [0, 1/a), 
respectively. Then the fundamental systems solutions of these equations are connected by 

c(x, A) = c(ax, A), s(sc, A) = a s(ax, A) 
Moreover,Weyl solutions satisfy 

ip(x, A) = s(x, A) — am(A)c(x, A) = aip(ax, A). 

Therefore, we get 

(6.3) rn a (X) = am(\). 

Further, by (14.41) we obtain 



M A {\) 

and hence 



(l + l/a)ImA -2Im(Am+(A)) 

Imm+(A) V -2Im(Am+(A)) (1 + a)Im A|m+(A) | 2 1 ' 



detM A (A) =4(lmm + (A)) 2 ((l + rf)(Im A |m + (A)|) 2 - (Im(Am + (A))) 2 ) . 



THE HELP INEQUALITY AND INDEFINITE SPECTRAL PROBLEMS 



21 



where d = (1 + l/a)(l + a)/4 — 1 > 0. Then, setting A = (k + i)y, after straightforward 
calculations we obtain 

d6t MaW (VdRem + (X) - Ai mm+ (A)) 2 + (1 + d - k 2 - ^)(Imm + (A)) 2 . 



4y 2 (lmm + (A)) 2 Vd 
Hence Ma is nonnegative precisely if 



k 2 < d. 



is 



Therefore, by Theorem 14. 1[ (14. ip holds true with K = W = and this constant 

the best possible. □ 

Remark 6.2. By Lemma lUTB, for the validity of (14. ip it suffices that r satisfies Bennewitz's 
condition either at +0 or at — 0. Moreover, it becomes necessary if r is odd. However, 
Lemma WTch shows that for nonodd r Bennewitz's condition is not necessary. 

7. On a connection with the LINEAR resolvent growth condition and the 

RlESZ BASIS PROPERTY OF EIGENFUNCTIONS 

Let r G 1, 1) be real and xr(x) > for almost all x G [—1, 1]. Consider the regular 
indefinite Sturm-Liouville eigenvalue problem 

(7.1) -f» = \ r (x)f on [-1,1], 

/(-l) = /(l) = 0. 

Consider the corresponding operator H in 1, 1) 

(7.2) 

H := J^, dom(if) = {/ G 4,(-l, 1) : /, /' G AC[-1, 1], /(±1) = 0, r- 1 /" e 4,}. 

The operator H is non self-adjoint in the Hilbert space L?,(— 1, 1). However, its spectrum 
is real, discrete and all eigenvalues are simple. There are several necessary and sufficient 
conditions for H to be similar to a self-adjoint operator, or equivalently, for the eigenfunctions 
of (17. ip to form a Riesz basis of L?,(— 1,1). Notice that Volkmer's Theorem provides a 
necessary condition. Another necessary condition based on the linear resolvent growth (LRG) 
condition was obtained in [15] (see also [IS]). The main aim of this section is to show that 
these two necessary conditions are closely connected. 

We need some preliminary notation. Consider the auxiliary spectral problem 

(7.3) - f" = \\r(x)\f, xG[-l,l]; /(-l) = /(l) = 0. 

With ( 17. 3p one naturally associates the m- functions m r + and m r _. Namely, let c r (x, A) and 
s r (x, A) be the fundamental system of solutions of equation (17. 3p . 

c r (0, A) = (*7(0, A) = 1, s r (0, A) = (c7(0, A) = 0. 

The corresponding Weyl solutions are defined as follows 

(7.4) i/>±{x,\) =c r {x,\)±m r ± {\)s r {x,\), V4(±M) = 0. 

The functions m r + and m r _ in (17.41) are called the Weyl-Titchmarsh m-functions for the 
problem (17.31) subject to the Dirichlet conditions. 
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Theorem 7.1 Q15J). Letm r ± be the m-functions defined by (I7.4p . If the eigenvalues of (17. ip 
/orm a .Riesz fraszs o/L^,|(— 1, 1), then 

Imm+(A) 

(7.5) sup — — — < +oo. 

1 ; A e c+ \m r + {X)+m r _{-\)\ 

Moreover, if the operator H satisfies the linear resolvent growth condition, i.e., there is C > 
such that 

(7.6) ll(iJ - Arl|| -T^A' ( AeC \ R )> 
then (17. 5p is satisfied. 

Remark 7.1. Note that in [H] Theorem \7.1\ was established for singular indefinite Sturm- 
Liouville problems under the assumption that the corresponding Sturm-Liouville differential 
expression is limit point at both singular endpoints. However, the result remains true in a 
general situation, in particular for regular problems with weight functions having only one 
turning point. Moreover, it is shown in [19] that the conditions (17. 5p and (17. 6p are equivalent 
even in an abstract operator theoretic setting. 

The linear resolvent growth condition as well as Volkmer's inequality are necessary for 
the Riesz basis property of eigenfunctions of (17. ip . Theorem 15.11 enables us to establish a 
connection between these two necessary conditions. 

Theorem 7.2. // the operator H defined by (17. 2p satisfies the linear resolvent growth con- 
dition (17. 6p . then the Volkmer inequality (14. ip is valid. 

Proof. Let m r ± and m± be the m-functions defined by (17. 4p and (12. 9p . respectively. Note 
that the solutions of (17. 3p and the solutions of (I2.8P are connected as follows 

c{x, A) = (s r )'(x, A), s(x, A) = -j(c r )'(x, A), 

and 

^ ± (x,A) = -i(^)'(x,A). 
Therefore, (I7.4p and (I2.9p immediately imply 

(7.7) m±(A) = jm r ± (\), (AeC\R+). 

Now, since H satisfies (17. 6p . by Theorem 17.11 we see that m r + and m r _ satisfy (17. 5p . The 
latter in particular implies 

Im(ml(k/) + m r _{iy)) 

SUP ; - j. r r ( ■ \\ < °°- 

y >o \m r + {iy) +m!l(-iy)| 
However, using (17. 7p . we get that 

m r ± (±iy) = ±iy m±(±iy) , (y > 0) , 

and hence 

lm(m r + (iy) + m r _(iy)) Im(k/m + (k/) + iym_{iy)) Re(m + (i?/) + m_(k/)) 



|m!^(iy) + m1(-iy)| \\ym + (iy) - iy m_(-iy)\ \m + (iy) - m_(-h/)| 



(2/ > 0). 
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The latter and (17. 5p yield ( 15. ip and hence, by Theorem 15.11 Volkmer's inequality (14. ip is 
valid. □ 

It is interesting to note that in the case of odd r both necessary conditions coincide and 
become also sufficient. This enables us to extend the list of various criteria for the Riesz 
basis property presented in [6]. 

Theorem 7.3. Let the function r G 1, 1) be odd and xr(x) > a.e. on [— 1, 1]. Let H 

be the operator (17. 2p associated with the problem ( 17. ip and let rrf, be the m-function defined 
by ( 17. 4p . The following statements are equivalent: 

(i) the eigenvalue problem (|7. i|) has the Riesz basis property. 



(ii) the operator H satisfies the LRG condition (17. 6p . 

(iii) the Volkmer inequality (14. ip is valid. 

(iv) the function r satisfies Bennewitz's condition ( 13 .4p at x = 0. 



(7.8) SUp , -7TT + \ rr. < +00. 



|m^(A) -m;(-A)| 



vi 



(7-9) sup pJZL < +00 . 

„>o |Rem^(n/)| 

(vii) There is 9 G (0, |) swc/i t/iat 

(7.10) - Im(Am;(A)) > 0, (AG r e ), 

where Tg = {A G C + : < cos#}. 

Proof, (z) =>- (ii) is well known. Theorem 17.21 establishes the implication (ii) =>• (iii). 
(iii) =>• (iu) follows from Theorem 13.21 (iv) =>■ (i) was established in [201 Theorem 6]. 

Further, by Theorem 17.11 (ii) =>■ (v). The implication (t>) =>■ (vi) is obvious, (wi) =>- (vii) 
follows from Lemma l(3~il and (17.71) . Implication (vii) =>• (iv) follows from Lemma Noting 
that the equivalent (ii) (iv) is already established, we complete the proof. □ 



Remark 7.2. It is interesting to note that under the assumptions of Theorem 7.3 the equiv- 
alence (i) (iii) was first observed in [SJ Theorem 4.3]. However, this result can be obtained 
as a combination of Bennewitz's criterion (Theorem Vd '.fy) and Parfenov's criterion [2"Ul The- 
orem 6]. Namely, Parfenov proved that the eigenfunctions of (17. ip with odd r G L l (— 1, 1) 
form a Riesz basis o/LL(— 1, 1) precisely if r satisfies Bennewitz's condition (13 .4p . Applying 
Theorem \3.HA and Lemma Wl\ equivalence (i) (iii) follows. 



Appendix A. Asymptotic behavior of m-FUNCTioNS 

In this appendix, we collect some information on high energy asymptotics of m-functions. 
For a detailed exposition and further results we refer to the excellent paper by Bennewitz 

in- 
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A.l. Weyl— Titchmarsh m-functions. Let the function r 6 -^ 1 (0, 1) be positive on (0, 1). 
Consider the Sturm-Liouville spectral problem 

(A.l) -(J-j^Ay, 0:6(0,1); 

(A.2) ( r -V)(0) = (r-V)(l-) = 0. 

Let c(x, A) and s(a;, A) be the system of fundamental solutions satisfying (I2.8P and let ip(x, A) 
be the Weyl solution defined by (12.91) . The Weyl-Titchmarsh m-function is then given by 

(A ' 3) m(A) = -(r-V)(0,A) = (r-V)(l,A)' (A W 

Firstly, it is possible (see for details [H §2]) to assign m-functions with all its usual prop- 
erties to systems of equations on [0, 1] defined by 

^ [u x {x) = «i(0) + f [0x) u 2 (t)dR(t), 

where the function R is increasing left-continuous and of bounded variation on [0, 1]. Namely, 
fix a fundamental solution U(x, A) = of (IA.4|) satisfying the standard initial 

condition at x — 0, £7(0, A) = -M - Then define the solution ^ = L^ptU sucn that 
(A.5) *(x,\):=U(x,X)(^ m i ( X) y V W (1,A) = 0. 

The function m is called the m-function of (IA.4j) subject to von Neumann boundary condi- 
tions. Notice that in the case dR(x) = r(x)dx with a positive r 6 -^ 1 (0, 1), the m-functions 
( IA.3P and (IA.5P coincide. 

Further, applying the Lagrange formula, we get 

-1 pi 



(A.6) / Wx 1 X)\ A dx = I \s(x,X)-m(X)c(x,X)\ 2 dx = lmm [ X \ (A R). 

Jo Jo 

Equation f lA.6j) defines t/te J-Fey/ drc/e C p (2;o) = {2 6 C : |z — zq\ = p} at A. The center and 
the radius of C p (z ) are given by 



«b(A) = ^ "m-wV'^ , = (2|ImA| / Ic^A)! 2 ^)- 1 . 

(cc L1J - cWc)(l, A) Jo 

Example A.l. Let dR{x) = a5(x) where a > and 5 is the Dirac 5-function, i.e., R(x) 
ax(o,i](x). Then (1A.4I) becomes 

u x {x) = wi(0) + aM 2 (0)x(o,i]( a; ) T G /g ^ 

m 2 (x) = m 2 (0) - A(mi(0) + au 2 (0))x ' 



.• [1] c)(l,A) 



Therefore, 

1 aX(o,i](z) 
-Ax 1 — Xax 



U(x,X) 
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and hence the m-function is given by 

m(\) = a--, (A^O). 
A 

The Weyl circle at A G C + has its center at z(X) = a + and radius p(A) = 2I . . Note 
that a real point x = a belongs to this circle for every A G C+. The latter is possible only 
in some degenerate cases. In particular, for systems flA.4j) the following is true: if the Weyl 



circle at some A G C + contains a real point a G R, then dR = ad. 

A. 2. Asymptotic behavior at oo. Since r is positive, the function R : [0, 1] t— > R + , 

R(x) := [ r(t)dt, 



Jo 

is strictly increasing and absolutely continuous on [0,1]. Let R' 1 denote its inverse. Let 
also / be the inverse of l/(-R -1 ) 2 . Note that / — > as argument goes to +oo. The function 
/ describes the asymptotic behavior of m(-) at large A. For instance, by [U Theorem 3.3], 
there are absolute constants M, N > such that 

\m(X)\ 

A^|sinarg A| < ' , ' < M/|sinarg A| 

holds for a sufficiently large |A|. In particular, the latter implies that 

tf{t) — > +oo as t — > +oo. 

To see this notice that, by [HI Theorem 4.2], lim^ +00 ylm m(iy) = j R+ dr + = oo. 
Further, for s G (0, 1] define the function 

Clearly, P s maps [0, 1] onto [0, 1]. By the Helly theorem, every positive sequence, which tends 
to 0, has a subsequence Sk such that := P Sk converges pointwise and boundedly to some 
increasing function P^ : [0, 1] — > [0, 1]. Define the sequence pk as follows Sk '■— l/(pkf(Pk))i 
k G N. Note that p k — > +oo since Sk — > 0. Therefore, (see the proof of jU Lemma 4.7]), 
m(pkp)/ f{pk) is asymptotically in the Weyl circle at p of the limit system (IA.4[) . i.e., in the 
Weyl circle of (IA.4[) with P = P^. This holds uniformly for p in any compact set in C + . 

Acknowledgements. I am deeply grateful to Mark Malamud for numerous fruitful and 
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